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Geometric Programming Strategies
in Large-Scale Structural Synthesis

Prabhat Hajela*
University of Florida, Gainesville, Florida

A geometric programming approach is proposed for the optimum design of complex structural configura-
tions. The strategy is particularly attractive in that it reduces the solution of a nonlinearly constrained optimiza-
tion problem to one with strictly linear constraints. Under certain conditions, the geometric programming solu-
tion is equivalent to solving a set of linear algebraic equations. The computational advantages of the geometric
programming methodology are examined, particularly in the context of using well-documented approximation

concepts.

Introduction

IGNIFICANT advances in matrix methods of structural

nalysis and an increased digital computing capability
have resulted in the emergence of automated structural syn-
thesis as a viable design tool. The use of optimality criteria
methods! and general nonlinear mathematical programming
algorithms in conjunction with discrete analysis procedures?
has dictated the primary trend for development in this
discipline. Geometric programming is a relatively new ap-
proach to solving mathematical programming problems with
nonlinear constraints. References 3-6 focus on the theoretical
developments in this field. The method has its mathematical
origin in the arithmetic-geometric mean inequality relation-
ships between sums and products of positive numbers.’
More rigorous Lagrangian duality concepts establish a rela-
tionship between geometric programming and convex
programming.®

Geometric programming algorithms provide a very elegant
solution procedure to an optimization problem with non-
linear constraints if the primary problem statement is in a
special form. More precisely, geometric programming is ap-
plicable when the objective function and the associated
design constraints can be expressed as posynomials, an adap-
tation of the word ‘‘polynomial’’ to the case in which all
coefficients are positive. Under these conditions, the
Lagrangian duality relations can be used to transform the
primal nonlinear optimization problem to a dual linear pro-
gramming problem for which very efficient solution tech-
niques are available.

The dimensionality of the dual problem is not defined
directly by the number of design variables and problem con-
straints. Instead, it is based on the difference between the
number of primal design variables and the total number of
posynomial terms in the objective function and constraints.
The dimensionality is referred to as the degree of difficulty
of the geometric programming problem. As shown in subse-
quent sections, the degree of difficulty is often significantly
lower than the number of primal variables, thereby pro-
viding a reduction in the dimensionality of the problem. In
the fortuitous case of a zero degree of difficulty, the
geometric programming form is particularly powerful in that
the solution of the optimization problem is reduced to solv-
ing a set of linear algebraic equations.

Received April 2, 1985; presented as Paper 85-0698 at the
AIAA/ASME/ASCE/AHS 26th Structures, Structural Dynamics and
Materials Conference, Orlando, FL, April 15-17, 1985; revision
received Oct. 7, 1985. Copyright © American Institute of Aeronautics
and Astronautics, Inc., 1985. All rights reserved.

*Assistant Professor, Department of Engineering Sciences.
Member AIAA.

The present paper describes a systematic implementation
of the geometric programming principles in an optimum
structural synthesis environment. In most realistic structural
configurations, the analysis has to be performed by discrete
numerical procedures such as the finite element method. Fur-
thermore, to utilize the geometric programming solution
strategy, the objective function and constraints must be for-
mulated as posynomial functions on the basis of discrete
analysis. Methods of complementary geometric programm-
ing that reduce multiterm polynomials to single-term
posynomial functions by a log-linear approximation? are used
to construct the appropriate forms for the geometric pro-
gramming problem. These methods, in conjunction with the
cumulative constraint concept,!® are shown to lead to a se-
quence of very efficient zero-degree-of-difficulty problems.
A strategy is proposed to enhance the efficiency of these
methods for redundant "configurations. Representative
numerical solutions are presented for test problems with
stress, displacement, and frequency constraints.

Mathematical Problem Statement

The general structural optimization problem can be stated
as follows:

Minimize
W(d) M
subject to the constraints
gi(d)=0 Jj=12,...m )
h (d)=0 k=1,2,...m, 3)
di<d;<d* i=1,2,..n @

where W(d) is typically the structural weight and d is the n-
dimensional vector of design variables, each component of-
which is limited by lower and upper bounds df and d¥,
respectively. The inequality constraints g;(d) represent limits
imposed on the structural response, while the equality con-
straint A, (d) may be necessary to ensure precise design re-
quirements. For most realistic structural configurations, the
objective and constraint functions are implicitly dependent
on the design variables.

Constrained Geometric Programming

The general constrained geometric programming problem
is stated in the following form!':
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Find
{d}7=1{d,,d,,...d,}

Ny n
Min [F({d))]= Y, Cy [ [ oo ®)

j=1 i=1

subject to the constraints

Nk n
g (a)=Y, cy] oSt

J=1 i=1

k=1,2,...m (6)

and
d;=z0  i=1.2,..n )]

The above primal problem statement is in a posynomial form
when the coefficients ¢; are positive and the exponents a,;
are real numbers. The inequality constraints, Eq. (6), can be
rewritten as
fe=o(1-g,({d}))=0  k=12,.m ®
where o, is a signum function taking on a value of +1 or

—1forg, ({d})=<1landg,({d})=1, respectively. Transform-
ing the primal variables as

d;=ébi i=0,1,2,...n O
and further defining,
Aw:Code;?Oij/F([d}) >0 (10a)

and =1

n
by=Cul[awi>0 k=1.2,..m,

i=1

Jj=12,..N, (10b)

where 9
E Ay =1 (always) an

=1

and for the kth constraint that is critically satisfied

Ng
Y ay=1 (12)
j=1

Taking the natural logarithms of Eqs. (10), and making the
substitution

So=tF, {i=0nd; 13)

one can write

A < .
Bn( " ) =—{o+ anr'jf'i J=1,2,...N, a4
iz

and

A
("f) Eakug, k=12,..m, j=12,..N 15

i
The primal geometric programming problem is reduced to
minimizing {,, subject to the inequality and equality con-

straints [Eqgs. (10-15)]. The Lagrangian for this optimization
problem is written as

Ny m Ni
L(i',A,X)=§'o+)\o<EA0j— 1> + E )‘k"k<EAkI_1)
j=1 k=1 j=1
No n Aq;:
« L] Bawsi—to-()]
i=1 i=1 0j
m N n A,
+ Y Exk,ak[z:ak,.jg,.—m<——-—c"f )] (16)
k=1 j=1 i=1 kj
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An application of the necessary conditions for optimality
permit a restatement of the Lagrangian in the form

Mo
LA = o= (1- L)
=1

n m N
+ E $i E 0N
i=1 k=0 j=1
N N
+ ix f} ) Al (S Zlf 1
Ji+ O Niin X Mo 17
k=1 k=0 j=1 k11

This form suggests a reformulation of the optimization prob-
lem in terms of dual variables A;; as follows:

Maximize
m Ny
DN = Y Loyl (S Exke) (18)
k=0 j= ki ¢=1
subject to
Ng
j=1
m Ng
Y Yooy =0 i=1.2,.n (20)
k=0 j=1
and
k
M= LU Ng=0  k=1.2,..m Q1)

=1

In this formulation, {;—1, {;, and f, play the role of
Lagrange multipliers. It can be shown that a maximum of
the dual function D(A) also minimizes the primal objective
function F({d}). The optimization problem posed in Egs.
(18-21) forms the basis for an efficient geometric program-
ming solution strategy. The objective function to be maxi-
mized is a nonlinear function in A,; and is constrained by
strictly linear constraints with added requirements of
positivity for the dual variables. In the geometric program-
ming terminology, Eqgs. (19) and (20) are referred to as the
normality and orthogonality conditions, respectively. Highly
efficient solution techniques are available for this class of
problems.!? Once the dual solution is known, the primal
design variables are obtained from n independent equations
of the set (14) and (15).

The equality constraints of the dual problem can be used
to eliminate (n+1) dual variables from the original set.
Combining the orthogonality and normality conditions, one
can write

Bl =1 22)

where N is the total number of posynomial terms in the ob-
jective function and the constraints, n the number of design
variables in the original primal problem statement, [B] a
coefficient matrix, and {A} an N-dimensional vector of dual
variables. The vector {i} is defined as

fl\

0

0
{ij=< ¢ @3
(nx1) | -

L0
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The dual variable vector {\} and matrix [B] are partitioned

as follows
+1)x1
(n+1) 24)
Aa ) dx1

R ) i (25)

(n+Yx(n+1) (n+1)xd

[Bl=1

where d is referred to as the degree of difficulty of the
geometric programming problem

(d=N-(n+1)

The set of variables {A;} to be eliminated from the original
set of {A} can be expressed as

(M) =[R]-1(E) — ST D) (26)

The dual optimization problem is thus expressed in terms of
independent dual variables {A;} and is constrained only by
the positivity requirement on the variables,

The Structural Resizing Problem

The foregoing sections detail the powerful optimization
tool that a geometric programming methodology affords.
The successful implementation of this approach to a struc-
tural sizing problem is critically dependent on the ability of
the designer to pose the objective function and constraints in
an appropriate posynomial form. In the design of structural
components, it is often possible to express the response
parameters in this form.!* For more realistic structural con-
figurations that require discrete analysis procedures, approx-
imating posynomial forms can be obtained for the objective
function and the constraints. The log-linear approximation
that forms the core of complementary geometric program-
ming provides a very useful method to approximate the
structural optimization problem by a sequence of geometric
programming posynomial forms. A function fe[¢(d)] can
be approximated by a linear extrapolation about a design

point (d) as

- ! I (d)] _
In d)] = d _ Ind; —nd. 27
[6(d)] =l ( ”+,-§ TTd] |, i~ il @D
T'bis can be rewritten as
d; 8lé(d)] d;
tld(d)] =tald(d)] + E e H&(I) (28)

or
d; et

é(d) = ¢(d>H(§)¢<d> a4;

1

d=d (29)

Equation (29) is the desired posynomial form and is obtained
on the basis of the function value and its derivative at a
starting design point. A sequence of such approximations are
necessary to obtain the solution to a design problem. Con-
sider constraints on the stress o, displacement u, and fre-
quency w for a given structure

g,(d)— =1 j=12,.m
Oall
LS
Uapi
w
= =1 30)
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The left-hand side of these equations can be represented as
single-term posynomials by Eq. (29). Hence, the total
number of posynomial terms in the geometric programming
problem is equal to the number of constraints plus the
number of posynomial terms in the objective function. For
most structural design problems with member sizes playing
the role of design variables, the objective function can be
written analytically as an n-term posynomial. Complemen-
tary geometric programming can be used to compact it as a
single-term posynomial. The side constraints on the design
variables are naturally available in the desired posynomial
form

d/d¢<1, didi'=]1 3D

Approximation Concepts

The efficiency of geometric programming strategies can be
improved substantially by incorporating approximation con-
cepts developed in the context of NLP-based structural
design. As is clearly evident from the formulation in the
preceding sections, the most desirable form of the problem
statement is one that yields a zero-degree-of-difficulty prob-
lem. The strategies experimented with in the present effort
can be categorized as follows.

A. Constraint Deletion

The ‘‘throw-away’’ concept proposed in Ref. 14 was im-
plemented in the design algorithm. Constraints with a 65%
safety margin were deleted from consideration to decrease
the number of posynomial terms and hence also the degree
of difficulty. This factor was selected arbitrarily and, with
tighter move limits on the design variables, can be further
relaxed.

B. Design Variable Deletion

This step is important for the standpoint of reducing the
number of gradient computations required to approximate
the posynomial form. In the design of redundant structures
with multiple load paths, the optimum design is often
characterized by a few members taking on minimum gage
values. The concept of design-variable dominance, proposed
and illustrated in Ref. 15, was used very effectively to delete
the inactive variables from the original set. The dominance
of a variable is defined by the numerical quantity

i=1,2,...n 32)

where W is the objective function and Q is a cumulative con-
straint representation of the form

Q= E(gi)r if O>¢
i=1
1
p_ (Eexp(pg, ) if Q<y (33)
(g if gg>0 .
(g = {0 if g <0 i=12,...m (34)

¥ is a preselected parameter (order 10-!) that allows transi-
tion from one formulation to the other and is chosen such
that the change occurs close to the constraint boundary; r is
typically chosen as 2 but is reduced as the constraint ap-
proaches the boundary; p is referred to as the constraint par-
ticipation factor, and its numerical value is typically of order
102. The design variables are ordered by decreasing
magnitude of CME; and the first k variables are retained as
active variables, where & renders S minimum subject to

k n
S= Y ABS(CME,)=fY, ABS(CME;) (35)

i=1 i=1
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where f is a judgmentally chosen factor (typically f is
0.9-0.97).

C. “‘Collapsing’’ Constraints

This feature has not been experimented with extensively
and in the present task was implemented only for the six-bar
determinate truss with stress constraints. This feature is
dependent on the ability to write the objective function as an
n-term posynomial function for the case of n design
variables. The use of the cumulative constraint [Eq. (33)]
creates a zero-degree-of-difficulty problem with all the
associated advantages.

In addition to these approximating strategies, linear ex-
trapolation of stiffness and mass matrices, first-order explicit
approximations for constraint functions, and approxima-
tions to obtain first-order derivatives from a stored data base
of function values are being implemented in the program-
ming system.

Numerical Implementation

A flowchart depicting the order of execution of various
programs is shown in Fig. 1. The optimization/analysis

l START I
Y

Reduction in the number
of design variables?

Use CME
concepts to sort |
design variables

Y

Initialize the
new design;
lower and upper bounds

¥

Stiffness and mass matrix

update; computatfon of new

objective constraints and
gradients

Y

Construct new
posynomial form

I

Zero
Degree of Difficulty?

Y Y

Yes No

Optimum design obtained
as a solution of
linear algebraic equations

Optimum design obtained
as a maximum of a nonlinear
objective with linear contraints

Y

No Yes

P
>

<\ Convergence? r— sTOP

Fig. 1 Flowchart depicting the computer implementation of the
geometric programming strategy.
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system has been developed on a VAX 11-750 system with the
looping between the processors controlled in the Command
Language feature of DEC systems. The primary analysis tool
used in this effort is a general-purpose finite element pro-
gram EAL,'% and the optimization algorithm CINMIN'” was
used in problems with nonzero degrees of difficulty. A gra-
dient projection algorithm particularly well suited for the
class of nonlinear objective, linearly constrained problems is
also available in the programming system.

Numerical Results

The dimensionality of the numerical test problems was in-
tentionally kept low, in conformity with the stated objective
of establishing the effectiveness of the geometric program-
ming approach. The test problems include statically deter-
minate and indeterminate truss structures and a built-up
finite element model of a wing structural box. Constraints on
allowable stress, nodal deflections, and natural frequencies
were prescribed in the design procedure. A description of
these problems and the results obtained can be summarized
as follows.

A. Six-Bar Truss

A six-member, ten-degree-of-freedom, statically deter-
minate truss comprised the first test structure for the
algorithm. The structure and the loading conditions are
shown in Fig. 2. The first design was for stress constraints
only, with permissible stresses in tension and compression of
50,000 psi. As expected, a fully stressed design is obtained.
The results are presented in Table 1 and compared with solu-
tions from a standard nonlinear programming approach. A
maximum permissible y displacement at node 3 of 1.0 in.
was included in the constraint set. The results for this case
are presented in Table 2. The stress-constrained problem was
solved as a zero degree-of-difficulty problem. The solution
to the latter problem was obtained both from a one-degree-
of-difficulty problem with a single-term posynomial
representation of the objective function and from a six-
degree-of-difficulty problem with a six-term posynomial
form for the objective function. The only reason for con-
sidering the latter is the obvious ease in identifying indepen-
dent equations to solve for the primal variables from a con-
verged dual solution.

Fig. 2 Six-bar planar truss (P=40,000 Ib, E=10.5Xx 10¢ psi).

Table 1 Numerical results for the six-bar truss with stress constraints

Design variable no.

Objective,
1 2 3 4 5 6 7 8 9 10 Ib
G.P.Zsolution, 7.947 8.066 3.943 5.743 5.571 5.573  0.100 0.100 0.100 0.100 1594.12
in.
NLP solution, 7.938 8.062 3.938 5.745 5.569 5.569 0.100 0.1600 0.100 0.100 1593.23

in.2 (Ref. 14)
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Table 2 Numerical results for the six-bar truss with
stress and displacement constraints

1177

Design variable no. . Objective,
1 2 3 4 5 6 Ib
G.P. solution, 1.599 1.599 1.789 2.684 0.894 0.799 38.395
)
in.
NLP solution, 1.599 1.599 1.792  2.690 0.896 0.798 38.435
)
in.
Table 3 Numerical results for ten-bar truss with stress constraints
Design variable no. Objective,
1 2 3 4 5 6 7 8 9 10 Ib
G.P. solution, 29.853 22.496 14.657 8.129 19.659 19.456 0.10 0.10 0.10 0.10 4817.54
2
in.
Table 4 Numerical results for ten-bar truss with
stress and displacement constraints
Design variable no. Objective,
1 2 3 4 5 6 Ib
G.P.zsolution, 2.884 2.884 3.194 3.942 0.895 0.799 60.569
in.
NLstolution, 2.870 2.870 3.353 3.992 0.896 0.798 61.416
in.
Table 5 Numerical results for wing structural box. Skin and web elements have a thickness
of 0.12 and 0.2 in., respectively. NSM1 and NSM2 are the nonstructural masses defiried in Fig. 4
Design variable no. Objective,
1 2 3 4 5 6 7 8 NSM1 NSM2 Ib
G.P.zsolution, 4.347 4359 1.143 1.138 0.551 0.579 0.100 0.100 0.1 27.097 121.652
in.
NLstqution, 4.955 4.840 1.312 1.336 0.570 0.681 0.100 0.100 0.1 27.100 126.385
in.
L ——s5
360" 360"
6 51 4 ®
7 @ Q@
7 40"
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® ® !
/ @ 0 ® ®
4 9 \@ 9
7 4 @ 2 @ )
7 40" 40"
17 2 3
7 )] ! ) p P
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Fig. 3 Ten-bar planar truss (P=100,000 Ib, E=10.5x10% psi).

B. Ten-Bar Truss

This truss configuration, shown in Fig. 3, has been a
testing bed for several optimization algorithms. The layout
and load conditions are shown in the figure. The first run
for this structure was with stress constraints only, permitting
maximum stress in compression and tension of 25,000 psi.
Design variable deletion was used to reduce the number of
active variables to six. A second test case was the modifica-
tion of the previous problem by adding maximum allowable
y displacements at nodes 2-5 to be less than or equal to 2.0
in. The designs for these cases are presented in Tables 3 and
4, respectively. As in the case of the six-bar truss, the objec-
tive function was represented both as a single-term and a six-

Fig. 4 Finite element model of wing structural box (Fy =15,000 b,
F,=30,000 Ib, £=10.5x10° psi).

term posynomial to generate the geometric programming
solutions.

C. Semimonocoque Structural Box

This test structure, shown in Fig. 4, was sized for stress
and frequency constraints.. The built-up model consists of
axial-force bar elements, quadrilateral membrane elements,
and rigid masses placed at outboard locations, as shown in
the figure. The bar elements were sized for maximum per-
missible stresses in compression and tension of 35,000 psi.
Sorting of the design variables was done by the variable dele-
tion method described earlier, resulting in six active primal
variables. The solution was obtained from a zero-degree-of-
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difficulty geometric programming problem. The base struc-
ture obtained from this exercise was further constrained to
have its first natural frequency below 2.013 Hz. The two
tuning masses at the tip were treated as the primary design
variables, again resulting in a zero-degree-of-difficulty prob-
lem. The results for these test cases are shown in Table 5.

For the numerical test cases experimented with in this ef-
fort, CPU time savings factors ranged from 2-10 over a stan-
dard NLP-based approach using a combination of EAL and
CONMIN with finite difference gradients.

Conclusions

Geometric programming methods provide an extremely ef-
ficient alternative technique for the optimum design of struc-
tural systems. The method is particularly powerful in cases
where zero-degree-of-difficulty problems can be formulated.
An additional feature of this class of problems is the loca-
tion of a ‘‘global optimum’ in that region of the design
space where the posynomial approximation is generated. The
combination of well-developed approximation concepts with
the geometric programming techniques significantly enhances
the capabilities of the latter. Additional studies are required
to examine the convergence characteristics of this method for
a class of problems with mixed element types and more com-
plex constraint formulations,
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